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The metric of moving bodies

P. RASTALL

Department of Physics, University of British Columbia, Vancouver 8, B.C.,
Canada

MS. recetved 21st October 1969

Abstract. The asymptotic form of the metric due to moving masses is calcu-
lated in terms of that due to a stationary mass. The work is modelled on the
special-relativistic calculation of the electromagnetic field of moving charges
from the Coulomb field of a stationary charge. The effects of acceleration and
of terms not linear in the masses are neglected.

The Lense—Thirring metric for a slowly-rotating spherically symmetric
body is derived. It is shown that the precession of spinning satellites, the de-
flection of starlight by the Sun, and the Shapiro time-delay are all determined
by the same parameter in the metric.

The approximate metric due to an arbitrary moving mass distribution is
shown to satisfy the linearized Einstein field equations.

1. Introduction

If one knows Coulomb’s law (that is, the field due to a stationary charge), and
if special relativity is valid, then one can calculate the electromagnetic field due to
quite general current distributions. First one finds the field of an unaccelerated
charge by Lorentz transformation of the Coulomb field. Then one argues that the
same expression is approximately valid for a slowly accelerated charge, and that the
field of an arbitrary set of such charges is the sum of their individual fields.

We shall use these results of special relativity as a model for a discussion of the
gravitational field. The gravitational analogue of Coulomb’s law is the expression for
the metric due to a stationary, spherically symmetric body. We do not at first commit
ourselves to any particular theory or field equations, but regard this metric as some-
thing to be determined empirically. There is no Lorentz covariance in a general
spacetime, but we assume that spacetime is asymptotically flat in spatial directions,
and we can then define a kind of asymptotic Lorentz covariance. This enables us
to find an asymptotic expression for the metric due to a moving body. The contribu-
tions to the metric from different bodies are additive in the asymptotic region, and
one can therefore calculate the asymptotic form of the metric due to a quite general
mass distribution. In particular, for a spherically symmetric slowly-rotating body,
the metric is of the familiar non-diagonal Lense-Thirring form. A slightly surprising
result of the analysis is that the measurement of the deflection of starlight by the
Sun, the Shapiro time-delay experiment, and the proposed measurement of the
precession of a spinning satellite, should give the same information about the metric.

In the last part of the paper we show that the approximate metric we have calcu-
lated satisfies the linearized Einstein field equations.

2. Generalized Minkowski charts

We are going to consider only spacetimes on which a certain kind of coordinate
system can be defined. In these coordinate systems, which are called generalized
Minkowsk: charts, the metric tends asymptotically to the Minkowski form at spatial
infinity. We begin by making these vague statements more precise.
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494 P. Rastall

Assume that spacetime X is geodesically complete. Let I be the set of all space-
like geodesics, F: X — R! be a function, and < R*. Then F is said to be O(L")
(and we write F' = O(L")) if [F(y(u))u~"| is bounded as u - + co for all ye T
If the coordinates of the point p are x = (x° &%, % %) in some chart, and if
f(x) = F(p) for all p € &, then we also write f = O(L").

A chart S: I — R* with coordinates x is defined to be a generalized Minkowsk:
chart if the components g,, of the metric in .S are given by

Buv = Ny + Iy (2.1)
where
Nmn = Omns Mwo = Tou = — B0 Ay = O(L7).
(Lower case Latin and Greek indices have the ranges {1, 2,3} and {0, 1, 2, 3}
respectively, and the summation convention applies to these indices only). The
condition that the domain of S be the whole of X is convenient, but probably not
essential,

We assume that the conditions we have just imposed on the metric can be satis-
fied in some chart S if the sources of the gravitational field and all gravitational
radiation are confined to a bounded region on each spacelike hypersurface. The
conditions then tell us the limiting behaviour of the metric as the distance from the
sources tends to infinity. Very often, however, we need to know how the metric at
a given point depends on the nature of the sources. We shall usually consider a
family of spacetimes labelled by a real parameter M, which we may loosely regard as
the total mass of the sources, and we assume that 4,,(x) = O(M) as M — 0 for each
fixed x. (We shall write this simply as %,, = O(M)). It follows that %,, , = O(M),
and similarly for the higher derivatives. We extend the notation in the obvious way:
if f= O(L?), g = O(M™), then f+g = O(L?)+O(M"), fg = O(L*M™), etc.

Before continuing the discussion of generalized Minkowski charts, we recall
some definitions and elementary results of special relativity. The 4 x 4 matrix (L")
is a Lorentz matrix if L} € R* and 7,,L°L} = 7., The Lorentz matrix (L") is a
restricted Lorentz matrix if det(L”) = 1 and L, > 0; it is a Lorentz matrix without
rotation of the spatial axes if LV = L!. Any restricted Lorentz matrix without rotation
of the spatial axes can be written (L,(B)), where

L@ =v,  Lu(® =L5(®) = ~78x
'L::I(p) = Smn+(')’_ 1)ﬁmﬁnﬁ—2
B = (81, B BB)ERB, B = (Bmﬁm)ll2 <1, Y= (1_/32)_1/2'

If S and S’ are inertial charts with coordinates ¥ and " respectively, cy is the speed
of light, and «™ = L ()", then cg is the velocity in .S of a particle which is station-
ary in S,

The set of generalized Minkowski charts in the spacetime X is much larger than
the set of Minkowski charts in flat spacetime. Fortunately, there is no need for us
to determine the whole set (for discussion of a similar problem see Bondi ef al. 1962,
and Sachs 1962). We require only a subset A(m) of the set of generalized Minkowski
charts, where A(m) is in one-to-one correspondence with the set of real three-vectors
B that satisfy 8 < 1, and m is a set of parameters that determine the material sources
of the gravitational field. We suppose that these sources can be regarded as a super-
position of a denumerable set of mass distributions, each of which is stationary

(2.2)

and
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in one of the charts of A(m). We take m, to be the total proper mass which is sta-
tionary in S,eA(m) for A =0, 1, 2, .... For simplicity we consider a set of
mass distributions that are entirely determined by the m,, so that we may put
m = (Mo, My, Mg, ...).

Under the one-to-one correspondence between A(m) and {fe R%8 < 1}, we
take S 4 to correspond to B 4, and B, = 0. If the coordinates of S, are x4, we assume
that

g = Ly(Ba)ag+ (x5, Bay 1) (2.3)

where f*(x,, 0, m) = 0, f4 = of*/ox}y = O(L~?) for fixed B, and m, and f* = O(M)
for fixed xq and B ,, with M = X°_ gmg. We call V, = czB, the asymptotic velocity
of S, in S,. For small f# it is approximately the velocity in S, of a particle fixed in
SA-

The components of any tensor (or tensor field) £ in §, will be written 447 Tt
is assumed that in any chart S, the components of the metric satisfy

iy = Muwt D, Mpg+O(M?)+O(L™2) (2.4)
B=0

where the g4,, are independent of the my and g4,, = O(L™?1), and where the limit
M -> 0 is to be taken in such a manner that the ratios m 4/ M stay constant. It follows
from (2.3) that if (2.4) holds for any S 4 € A(m), then it holds for all S, € A(m).

If mg = Ofor B # A, then (2.4) becomes g,, = 1,y + M 484,y + O(M?)+ O(L~32).
It is assumed that the g4,, are known: that is, we know how to solve the problems of
gravitostatics to first order in m, in any chart S, € A(m). Using (2.3) again, one has

Eour = Li(Bs)L1(Rs)g5r0+ O(M?)+ O(L™%)
and substituting in (2.4) gives

& =t S mpLy(Br)LY(B)gan, + O(M2)+ O(L"2). (2.5)

B=0
In the theories of gravitation that are usually considered, the terms in the expression
for g, that are O(M?) are also O(L~2), and one can therefore replace the last two
terms in equation (2.5) by O(M2L~2).
Before one can use (2.5) to calculate the metric due to a moving body, one must
specify the functions g4,,. We assume that

Gimn(s) = Spnpra +O(L™2)
) } (2.6)

gﬁuo(xA) = gﬁw(xzi) = 8,074 Lt O(L-*

where 7, = [(x%—ak)(«%—ak)]*?, and p, ¢, af are constants. It follows that, in
the special case when mg = 0 for B # A, equation (2.4) becomes

Enn(®a) = Smn(L+mypry ")+ O(M?)+ O(L2) }

gio(a) = 8uo( = 1+ mugry )+ O(M?) + O(L2). (2.7)
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One can regard (2.7) as giving the metric due to a particle of proper mass m 4 fixed
in S, at the point with spatial coordinates a%. Thus in assuming (2.6) we are taking
the mass distribution to consist of a set of particles, each stationary in one of the
generalized Minkowski charts of A(m). In order that the theory should reduce to
Newton’s in the appropriate limit, one must have ¢ = 2Ggcy~ 2%, where Gy is the
Newtonian gravitational constant.

An important physical assumption which is contained in (2.6) is that the constants
p and g are the same for all the charts of A(m). This assumption, which is related
to Mach’s principle, is our generalization of the special-relativistic hypothesis that
all Minkowski charts are equivalent. Intuitively speaking, it means that the metric
produced in an initially Minkowski chart S by putting a stationary particle of given
proper mass into it is independent of how one chooses S.

To find the metric of a system of particles in the generalized Minkowski chart
Sy, one has only to substitute (2.6) in (2.5). Using (2.2) and the equation

'r]ule:,L‘; = 7,,, we find

guv(x) = Nuv + z mAr;l‘ 1[P77uv + (P + g)ﬁAu/gAvVAz] + O(M2) -+ O(L_z) (28)
A=0
where B, = —1, and where we have simplified the notation by writing x in place
of %, and g,, in place of g2,. '

We must express 7, in terms of the S coordinates. Let aj € R, and let @, x*
be the S, coordinates of the points whose S 4 coordinates are a% and «'; respectively.
Define 7% = x™~a%g, 740 = ("hor%o)*? = |¥—a4l, and a%y = x°—7r,,. The
constant @5 is so far arbitrary. We now choose it so that 7,,(¥* — a4,)(x*—a’o) = 0,
x° > a%,. Using (2.3) and the conditions imposed on the f*, we find that

72" = [ya(rao—Bant 10)] "t + O(ML2). (2.9)

The equations of the world line of particle 4 in §, can be written 27, = 7 ™(u),
290 = u, where u € R*. We regard particle A as corresponding to a proper mass
density p, in S, given by

pa(y) = pa(y° ¥) = m,*(y —w(3°))

* 2.10
= My, f 83(y — m(u))8(y° — u) du. (2.10)
If G:R* — R* is a smooth function, then a short calculation (cf. the derivation of
the Liénard—Wiechert potentials in electromagnetism) shows that

[ pa(x° =R, ))R71G(x° - R, y) &%

= myGug, ™(1o))[2° — 1+ 7™ (o) (7™(1o) — x™)] 71 (2.11)

where the integral is over all (3,32, %) e R®, R = |4 —y| = [(x™—y™)(x ™~y ™]*'3,
and u, is defined by u,+ |8 —7(u,)] = 4% It follows from the previous definitions
that uy = a3, 7™™(uo) = @%o, 7™ (o) = Vgmcs® = Bam, and from (2.9) that the
right-hand side of (2.11) is

maG(x° =7 40, ¥ —Tao)ya(rs '+ O(ML=2).
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If we define cz@(y) to be the three-velocity of the mass distribution in S, at y, and
Py) = (1=B2(y) 712, then By =B(aC—r40, ¥=1T40), va = y(x"—740, ¥—T4),
and (2.8) becomes

2(®) =t [[IR Yy ") [Ps + (B + DBABONON o =00 2 L2
+O(M2L~?) (2.12)

where p = Z%_op4 is the S, proper mass density (the total proper mass per unit
three;volume in S;), and where we assume that the terms O(L~2) in (2.8) are also
O(M?3).

One shows by the usual limiting procedure that (2.12) also gives the metric due
to a continuous mass distribution. In this case p and B are continuous functions
which we shall take to be piecewise smooth and of bounded support. The field
equation for g, that follows from (2.12) is

Nao8uv,mp = — dmpy~ 1[?’7uv + (P + Q)Buﬁv')’z] + O(Mz) (2 . 13)

where the comma denotes the partial derivative with respect to the x*.

Define the proper mass density p,, by p,, = py~! (this is an invariant quantity).
The covariant components of the four-velocity of the mass distribution are
u, = yB,cx+ O(M), because g,, = 1,,+O(M). The covariant components of the
energy-momentum density of the mass distribution are T}, = p,u,u, = O(M), and
hence p,, = ¢g 2, T,y +O(M?). We can now rewrite (2.12) and (2.13) as

guv(x) = ")uv+";2 f R—l[_'P"]naTnp(y) nuv+(p+Q)Tuv(y)]y°=x°—R dsy+ O(Mz)

2.14
Nap8uv,ap = — 4meg 2[ = P20 Taow + (P +9) Toy] + O(M3). 22-15;
One proves easily from (2.14) that
Ny a8, /(%) — 31y 28y n,u(%¥)
= 5 [ RO @ Tons3) + (B4 s T a)rm -2 oy O(M).
(2.16)

This result will be needed in § 4.

3. Lense-Thirring effect

We have calculated the approximate form of the metric for bodies that move at
arbitrary speed. However, in many problems the speeds of the bodies are much
less than the speed of light, and the equations of § 2 can be considerably simplified.
As an illustration, we calculate the metric due to a slowly rotating, spherically sym-
metric mass distribution. The effects of acceleration are again neglected.

If in (2.15) (or (2.12)) one drops all terms that are of at least second degree in the
velocity components V ,, one finds

guv(%) = 7y + f[P(y)R_l[P’?uv+(P+Q)8u08vo_(P+9)EEI V()

X (8umBvo +8ymBuo) [y =20 - = 4%y (3.1)
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We shall use (3.1) to calculate the components g,, of the metric of a spherically
symmetric mass distribution that rotates rigidly with a constant angular velocity
w = (w3, wy, wg) about an axis of symmetry. The centre of the mass distribution
is fixed at the spatial origin, so that its velocity at x is V(x°, &) = wx &. It follows
that V,, and p in (3.1) are independent of y°.

Define 7 = & = (x™x™3, s = |y| = (y™y™*2  For fixed s one has
R =|a—y|"t = }1+r"tscos 0+O0(r~2%?) as » - o0, where 6 is the angle
between ¥ and y, and hence

[o0) V)R d% = 77t x [p(y)y &Sy +772wx [p(r)sycos 8% (3.2)

where the O(r ~%?) term has been neglected. The first term of (3.2) vanishes because
of the spherical symmetry, and the second is £/ ~%w x ¥, where I = [ p(y)s? sin?6 d®y
is the moment of inertia of the mass distribution about an axis of symmetry. Substi-
tuting in (3.1) gives

®+91
Emo(¥)  — Wﬁmnpwnxp- (3.3)
B

The constants p and g were defined by (2.6). As explained in connection with
equation (2.7), we must take ¢ = 2Ggcg® The deflection of starlight by the Sun
and the radar time-delay of Shapiro (1964) are both compatible with p = 2Ggcg?
(Shapiro et al. 1968).- With this choice, and with w, = wd3,, equation (3.3) becomes

2Gglwx? —2Gglwat
gio(x) = 33 g20(%) = I — gao(x) = 0. (3.4)
cor cSr

These are expressions for the non-diagonal components of the metric of a rotating
body that were first derived by Lense and Thirring (1918), who used the linearized
form of the Einstein field equations (see Landau and Lifshitz 1962—§ 103). We
emphasize again that we have not assumed any field equations. Attempts are being
made to test (3.4) by measuring the precession of a spinning satellite (Schiff 1960,
Rastall 1966, Cooper et al. 1968).

4, Gravitational field equations
We have shown that, for an unaccelerated matter distribution, the components
of the metric satisfy the approximate gravitational field equations (2.15) and the sub-
sidiary conditions (2.16). If p = ¢ = 2Ggcz? as assumed at the end of the last
section, and if 7,,7,, , = O(M?) (recall that %,,T,, , = 0 in the Minkowski charts
of special relativity, and that T, = O(M)) then (2.16) becomes
Ny a8y = $Mvafvan = O(M?). (#.1)
Since g,, = 1,,+O(M), we have g = 7,,+ O(M), the Christoffel symbols are
O(M), and the components of the Ricci tensor are given by
'@m = %nav(gav,m +8&tnav—&am 1y _gw,an) + O(M2)
= M ov8rm0v — 3 (NovE o —3M6v&ov.7).x (4.2)
—3(Movgwv. 0~ $0v€ov. 1) n O(M?).
From (4.1) and (4.2) we find R,, = §1518.y.0:+ O(M?), so the field equations (2.15)
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can be written
Ry = —w(T,, _%guvginnp) +O(M?) (4'3)

where x = 87Gycg®. The curvature scalar Z# is defined by # = g*'%,,. From
4.3), Z = kg™ T,,+O(M?), and (4.3) has the alternative form

Ry —%8, R = — T+ O(M?). (4.4)

If one omits the terms O(M?) (including those in &, —1g,,%), then (4.4) become the
linearized Einstein field equations. In this approximate sense our metric is a solution
of the linearized Einstein field equations.

5. Conclusions

The results that we have derived enable us to understand the relations between
three different effects: the precession of the axis of a spinning satellite, the deflection
of starlight by the Sun, and the time delay in the Shapiro radar experiment (Shapiro
1964). We have shown that if the metric due to a particle fixed in a generalized
Minkowski chart S, is given by (2.7), then the non-diagonal components of the
metric of a spherically symmetric, slowly rotating body are proportional to the
constant p + ¢ (equation (3.3)). The precession of the axis of a spinning satellite then
includes a term proportional to p+ 4.

One can prove that the other two effects are determined by the same parameter
p+gq. To make this plausible, let the equations of a light ray in S, be 24 = f4(u),
where fO(u) > 0 for all u. Define the speed of light in S, to be

¢ = ex(f™ (@) S (w)*2lf*" (w)

where ¢y, is the speed of light (a universal constant). Since the tangent to a light ray
is a null vector, equation (2.7) implies that

¢ = ca[1—3(p+9)ra ma]+O(L~2)+ O(M?).
Thus light behaves in S, as though space had a refractive index
cple ~ 1+ 3(p+q)rztm,.

Because the metric due to the Sun is asymptotically of the form (2.7), one can take
this to be the refractive index of space in the solar system. By simple arguments of
geometrical optics, one now shows that both the light deflection and the time delay
are determined by the refractive index, and hence by p+4¢. (For a more complete
argument see Dyson 1967).

The constant ¢ is known, so the experiments will allow us to measure p in three
independent ways. If the results are inconsistent, it may mean that the correct
theory of gravitation is not of the traditional Riemannian type. On the other hand,
it may only be that one of our assumptions about asymptotic behaviour is too strong
(e.g. it is possible that %, in equation (2.3) is not O(L~2)).
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